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Abstract 

Boundary conformal field theory (BCFT) is the study of confor- 
mal field theory (CFT) in semi-infinite space-time. In non-relativistic 
limit {x — >■ ex,t t,e — >■ 0), boundary conformal algebra changes 
to boundary Galilean conformal algebra (BGCA). In this work, some 
aspects of AdS/BCFT in non-relatvistic limit were explored. We con- 
strain correlation functions of Galilean conformal invariant fields with 
BGCA generators. For a situation with a boundary condition at sur- 
face X = (z = z), our result is agree with non-relativistic limit 
of BCFT two-point function. We also, introduce holographic dual of 
boundary Galilean conformal field theory. 
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1 Introduction 



Recently, there has been some interest in extending the AdS/CFT corre- 
spondence to non-relativistic field theories [U [2] , where the non-relativistic 
conformal symmetry was obtained by a parametric contraction of the rel- 
ativistic conformal group. Galilean conformal algebra (GCA) arises as a 
contraction relativistic conformal algebras [B O H], where in d = 4 the 
Galilean conformal group is a fifteen parameter group which contains the 
ten parameter Galilean subgroup. Beside Galilean conformal algebra, there 
is another non-relativistic algebra, the twelve parameter Schrodinger alge- 
bra [5l [6] . The dilatation generator in the Schrodinger group scales space 
and time differently, — )• Axj, t — )• A^t, but in contrast the corresponding 
generator in GCA scales space and time in the same way, Xi — t- Axj, t — t- Xt. 
Infinite dimensional Galilean conformal group has been reported in [3]. The 
generators of this group are : L" = — (n + l)t"'Xidi — t'^'^^dt, M" = t^+^Sj 
and Jlj = —t"'{xidj — xjdi) for an arbitrary integer n, where i and j are 
specified by the spatial directions which obey commutation relation of the 
Virasoro-Kac- Moody algebra [3J. There is a finite dimensional subgroup 
of the infinite dimensional Galilean conformal group which is generated 
by {Jfj,L^\L'^,M^\M^). These generators are obtained by contraction 
( t — 7- t, Xj — >• exj, e — >• 0, ~ e ) of the relativistic conformal generators. 
The gravity dual of finite GCA was considered in [3l HI [7] and the metric 
with finite 2d GCA isometry was obtained in [8]. 



The presence of free surfaces or walls in macroscopic systems which are at 
the critical point, lead to the large variety of physical effects. Since, us- 
ing boundary condition effect is shown to be very helpful in various branch 
in physics, the systems with boundary conditions have been considered by 
both theorists ^ and experimentalists ^Oj. The situation with walls or free 
surfaces opens a new area in condensed matter physics In reference 

|12j . the research on semi-infinite systems which exhibits a non-equilibrium 
bulk phase transitions was initiated and the effects of boundary condition 
on direct percolation were considered. 

Holographic dual of a conformal field theory with a boundary (BCFT) was 
proposed in [13]. The main idea of AdS/BCFT correspondence was started 
with asymptotically AdS geometry with Neumann boundary condition on 
the metric as one approaches to the boundary [HI [H]. The geometry is 
modified by imposing two different boundary conditions on the metric. The 
boundary is divided into two parts dM = A^IJ Q where dQ = dN [13J. The 
metric has Neumann boundary condition on Q and Dirichlet boundary con- 
dition on A^. With this boundary condition the AdS geometry is divided into 
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two parts and the gravitational theory hves in one part of this space. This 
modified geometry could provide a holographic dual for BCFT. Boundary 
conformal field theory (BCFT) defined in domains with a boundary [15]. In 
this work we extend AdS/BCFT correspondence to non-relativistic version. 
When non-relativistic CFT lives in semi-infinite space, one sector of Galilean 
conformal group is removed. For example, if we have a boundary condition 
on surface z = ^ {t — x = t + x) or x = 0, translation, Boost and spatial- 
spacial conformal transformation are removed. So, two-point function in this 
situation is completely different from situation without boundary condition 
(free space). Two-point function of BCFT in the situation with a boundary 
condition at surface z = z was calculated in fl6l I17j. In this paper we calcu- 
late two-point and three point functions of BGCA from gravity dual [7} and 
quantum field theory method in the boundary [181 [H] ■ Our results agree 
with results |161 ll7j in non-relativistic limit. We also, introduce holographic 
dual of non-relativistic limit of BCFT (BGCA). The paper organized as fol- 
low: In section 2 we give a brief review of 2d GCA. In section 3 we calculate 
two-point and three point correlation functions of Galilean conformal invari- 
ant fields in semi-infinite space. In section 4 we introduce holographic dual 
of non-relativistic BCFT, then we calculate two-point function from gravity 
dual. Finally, in section 5, we close by some concluding remarks. 

2 GCA in 2d 

Galilean conformal algebra (GCA) in 2d is obtained by contracting 2d con- 
formal symmetry |18j . Two-dimensional Conformal algebra is described by 
two copies of Virasoro algebra. In quantum field theory (QFT) level, two- 
dimensional {z = t + X, z = t — x) CFT generators 

£„ = z"+ia„ Z„ = z"+i5j, (1) 

obey the Virasoro algebra 

[Urn, J^n] = {n - m)Cm+n + "^(^ ~ "i^)'^m+n,0, (2) 
[Cm, Cn] = (n - m)Cm+n + ^^"^(^ ~ W?)5m+nfi- 

In non-relativistic limit (t — t- a; — t- ex with e — t- 0), the GCA generators 
Ln and M„ are constructed by Virasoro generators 

Ln = lim(£„ + Z„) = (n + l)t"9^ + T+^a^, (3) 

Mn = - lim e{Cn - Z„) = -^+^5,. 
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From Eqs.([2]) and ([3|), one obtains centrally extended 2d GCA 

[Lm, Ln] = {n- m)Lm+n + Cim(l - m^)8m+nfi, (4) 
[Lm, Mn] = (n - m)Mm+n + C2m{l - m^)5m+nfi, 
[Mn,M^]=0. 

The GCA central charges (Ci, C2) are related to CFT central charges (c^, 
cr) as: 

C, = lim^, C. = hm(.^). (5) 

e->0 12 e-S-O 12 

Prom above equations, for a non-zero and finite (C2, Ci) in the limit e — )■ 0, 
it can be seen that we need cl — cr (x 0(|) and cl + cr (x 0{1). Similarly, 
rapidity and scaling dimensions A, which are the eigenvalues of Mq and 
Lq respectively, are given by 

A = lim(h + h), ^ = - lim e(/i - 7i), (6) 

e-i>0 €-i>0 

where h and h are eigenvalues of Cq and Cq respectively. Equation © tells 
us that, /i + /i is of order 0(1) while h — h must be order O(-), for the finite 



3 Two-point function in semi-infinite space 

In this section we find the correlation functions in semi-infinite space with 
a boundary condition at surface z = 'z. We now turn to derive the conse- 
quences of Galilean conformal invariance for the correlation. In general, we 
expect a quasi-primary field O to be characterized by its Galilean conformal 
dimension A and rapidity (These fields are invariant under finite sub-group 
that is generated by sub-algebra M_i, Lo,Mo, Li, Mi}). We would like 

to find the form of two-point and three-point functions of the Galilean con- 
formal invariant operators in semi-infinite space. Firstly, we find the form 
of the commutators [£„, O] and [£„, O], then we obtain the form of O] 
and [Mn , O] as following 

[£n,0{z,z)] = [Cn,UO{0)U-'] = [Cn,U]O{0)U-' + UOiO)[£n,U-'] (7) 
+U[Cn, O{0)]U-' = U{U-'CnU - Cn}O{0)U-' 
+f/O(0){£„ - U-^CnU}U-^ + 6n,ohOiz,z) 
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U and 0{z,z) are defined as 

0{z,z) = UO{0)U-^ where jj = ^zC.^+zC.i 
By using tlie Hausdorff formula we get 

U-^CnU = e-^^-^-^^-i£„e^^-^+^^-i = e-'^-'Cnc'^-' (9) 

= £„ + [Cn, zC-i] + -^[[^n, zC-i],zC-i] + ... 

_^_(n + lL , 
fc=o ^ ^ 



and 



(n + 1)! 



The Eq.d?]) gives us 

[Cn,0{z,z)] = U{[C'^,Om + 6n,ohOiO)}U-' (11) 

Now we have [£_.i,0] = dzO and [£oiC] = hO {Cq and £_i generate 
z-dilatation and z-translation, respectively). Hence we obtain (for n > — 1) 

[£„, 0{z,z)] = (z"+i5, + (n + l)/iz")0 (12) 

We can exchange £„, with £„ and using the above steps (i7|l- (fTT]l . We get 

[Cn,0{z,z)] = (z"+i^+ (n + l)/iz")0 (13) 

From Eqs. (fT2]) . (fT3]) and by using the definitions of L„ and Mn ([3]), we can 
find the form of commutators O] and [Mn, O] 

[Ln, O] = (e+^dt + (n + l)exd^ + (n + l)(t'^A - nxe-^C))0 (14) 
[Mn, O] = (r+15, - (n + l)t"0O 

Correlation functions of GCA are constrained by the above equations in free 
space p^. If we have a boundary in x direction, symmetries in this direction 
is removed obviously. So, in the situation with a boundary condition at 
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surface x = {z ='z), Galilean symmetry group reduces to one copy of non- 
relativistic version of Virasoro group which is generated by L„ [16\ [T7] . We 
can use this subgroup to calculate two-point function. Firstly, we consider 
the invariance under time translation which is generated by L_i 

< I I >= ^ G = G{xi,X2,t) T = ti-t2 (15) 

where G =< O1O2 > is two-point function of two quasi-primary operators 
Oi and O2. Invariance under dilatation constrains two-point function as 

< I [Lo,G] I >= (16) 

2 

^ Y^^Udu + x,d^^ + Ai)G = 

i=l 

{rdr + xA, + X2d^^ + A)G = A = Ai A2 

Invariance under spatial component of special conformal transformation is 

< I I >=0 (17) 
2 

Y^itfdu + 2tiXia^, + 2tiAi - Xiii)G 
1=1 

= {(.4 - 4)dr + 2{hXid^^ + t2X2d^,) 
+2(tiAi + t2A2 - Xi6 - X2C2))G 
= {r'^dr + 2t2{Tdr + Xid^-^ + X2dx2) 

-2(xi6 + X2ii) + 2TXid^^ + 2(tiAi + t2A2))G 
= {r^dr - 2{xiCi + X2C1) + 2txA^ + 2tAi)G = 

where in the last step, Eq. (|16p was used. We make the following ansatz 

G{xi,X2,t) = T^^'^'G'{u,v), u = —, v = — (18) 

r r 

so, Eq. (fT7|) gives 

{udu - vd^ - 2«i + v^2))G'{u, v) = 0, (19) 
Solution of this equation is [9l [20] . 

G\u, v) = xiuv) exp(2«i - z;^)) (20) 
where ^ is an arbitrary function. The final result for two-point function is 

G{xi,X2,t) = (5Ai,A2'r~^'^x(^^) exp(-(xi^i - X26)) (21) 
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where A = Ai = A2. It is clear that, two-point function near the boundary 
is different from other places [19]. Two-point function of BCFT for scaler 
fields was calculated in [161 IIZ! 



G{zi,Z2,Zl,Z2) = -{— T-T^A + I ^ _^ I2A (22) 



1( L 

4'| - 22 ' \Z1-Z2 

1 1 

+ -. —TKir + 



\ Zi - Z2 \ Zl- Z2 

In non-relativistic limit {t ^ t, x ^ ex) we have 

lim(zi - Z2) = limfti -|- exi - t2 - 6X2) = h - t2 (23) 
lim(zi - Z2) = limfti - exi - ^2 + £2:2) = h - t2 
lim(zi - Z2) = lim(ti -|- exi - ^2 + £2:2) = ti - t2 
lim(zi - Z2) = limfti - exi - t2 - 6X2) = h - t2 



From above equations we obtain 



limG(zi,Z2,2;i,2;2) = (^Ai.AaT" ^'^ (24) 

which is agree with our result (j2T]) . (For scalar field .^i is equal to zero.) 
Now using above method, we calculate three-point correlation function in 
semi-infinite space-time with a boundary condition at surface x = 0. 
Consider the three-point function as 

G(xi,X2,X3,tl,t2,i3) =< 4>l{xi,ti)4>2{x2,t2)4>z{xz,t^) > (25) 

where (pi, 02 and 03 are Galilean conformal invariant fields. Invariance under 
the time translation symmetry implies G = G(xi, X2, X3, r, cr) where r = 
ti — ts and (J = t2 — H- We constrain G by scale invariance as 

<0| [Lo,0i0203] |0>=0 (26) 
^ J^(i»aj^ +2;iai + Ai)G 
= {rdr + ada^ + xid^-^ + r2dx2 + a^a^^xg + Ai A2 + A3)G = 
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From the invariance under the time component of non-relativistic special 
conformal transformation we get 

<0| [Li,0i0203] I 0>=0 (27) 



1=3 



1=1 



^3 J 

+ 2(tiAi + t2A2 + hAs) - Xi^i - X2C2 - X3C3)G 

= {r'^dr + a'^d^ + 2*3 (r9^ + ado- + xid^-^ + X2<9a;2 + 2:393) 

-Xl^l - r2^1 - X36 + 2TXida,, + 2(7X2^^2 + 2(^1 Ai + t2A2 + t3A3))G 

= {r'^dr - xi^i - X26 - ''3^3 + 2rxi9^i 
+a^da + 2ax2d^^ + 2tAi + 2o-A2)G = 

where in the last equation we have used Eq. (|26p . We make the ansatz 

G = 5Ai+A2,A3^"^'^'f^"^^'G" (28) 

and simplify the above equations as 

{T^dr + 2TXld,, - xi6 - X36)G'i = (29) 

{rdr + xid^^ + X3dx3)G[ = 
{a^ + 2ax2d^, - X26)G'2 = 
{ada + X2dx2)G2 = 
where G' = G[{xi,X3,t)G2{x2,(t), or 

(a^d^ + 2ax2d,, - X2^2 - X36)G; = (30) 
{ada + X29^2 + X3dx:i)G[ = 
(r^ + 2TXid,, - xiCi)G'2 = 
[rdr + xA,)G'2 = 

where G' = G[{x2,X3,a)G2{xi,T). By using the method of characteristic 
pO] , we may found the general solution of these equations 

G = 5A.+A2,A3(ii - i3)-'^Hi2 - t3)-'^^ exp(-^ + -^) (31) 

II — I3 ^2 — C3 
Xi^s 3;3i^3 2:2X3 3:3.^3 
uUtt rT2 exp + X2{t: 7^2 exp -) 

(^1-^3) ti-t3 [t2-h) t2-t3 

+T, (ex changing 2^-7-3 or 1 -f-)- 3) 

where xi ^-nd X2 are arbitrary functions. Three-point function near the 
boundary is obviously different from other places. 
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4 Holographic dual of non-relativistic BCFT 



Recently, holographic dual of BCFT was considered [131 El IE]- AdS^ 
with Neumann boundary condition at surface z = z is holographic dual 
of BCFT2. In this situation the symmetry group of boundary conformal 
field theory is generated by one copy of Virasoro algebra [16] . We introduce 
non-relativistic version of this gravity dual as a holographic dual of non- 
relativistic BCFT. The AdS^ metric in Poincare coordinates is 



ds^ = ^{-dt^ + dr^ + dx^) (32) 



where r is a radial coordinate and (x, t) are boundary coordinate. In the 
Eddington-Finkelstein coordinates which define by r = r' and t = t' + r' the 
AdSs metric is given by 

ds^ = ^{df - 2dtdr + dx^) (33) 

The Killing vectors of AdS^ read as 

P = d^ B = {t- r)d, - xdt (34) 

= (^2 _ 2tr - x^)d^ + 2txdt + 2rxdr + 2x'^d^ 
H = —dt D = —tdt — rdr — xdx 

K = -{t^ + x'^)dt - 2r{t - r)dr - 2{t - r)xdx 

In non-relativistic limit 

t— J-t r ^ r X ^ ex (35) 

we obtain the contracted Killing vectors 

P = d, B = {t-r)d, = (t^ - 2tr)d, H = -dt (36) 

D = -tdt - rdr -xdx K = -t^dt - 2{t - r){rdr + xd^) 

We can define an infinite extension of these vectors field in the bulk [3] 

jVf {«) = {tn+i _ ^ l)re)dx (37) 

These vector fields obey the commutation relation @ (without central 
charges). We can see that, these vector fields at the boundary r = re- 
duce to Killing vectors of contracted CFT2 ([3]). The vector fields M^"^ only 
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act on the spatial coordinate x, so if we have a boundary condition at surface 
X = (z = z), these vector fields are removed from all Killing vectors in the 
bulk. Now we consider the action of the Virasoro generators L^") (remanded 
Killing vectors) on AdS^ metric (j33p in non-relativistic limit. We introduce 
non-relativistic limit of AdS^ metric which is given by AdS2 x R metric [3] 

ds^ = ^(-2dtdr + dt^ + dx^) ^{-2dtdr + df) (38) 

The components of the metric in the (t, r) directions survive and we receive 
to AdS2 metric. The spatial direction x is fiber over this AdS2- Virasoro 
generators L*^""-* act non-trivially on all coordinate 

r^r' = r{l + a„(n + !)(*" - nrt""^)) (39) 
t^t' = t{l + a„t") 

where a„ is infinitesimal parameter. From above equation we have 

dr dr' = dr{l + an{n + l)(t" - nrt""^)) (40) 

+rann{n + l)t""^((t - (n - l)r)dt - tdr) 
dt dt' = dt{l + (n + l)a„r) 

So in non-relativistic limit ([35]) we get 

ds^ = X^{-2dtdr + df ) \{-2dtdr + dt^ + 2n{n^ - l)anrh"'-^dt'^) (41) 

The SL{2,R) subgroup which is generated by L^,L^ are exact isometrics 
of non-relativistic version of boundary AdS^. Near the boundary r = 
the diffeomorphisms of above metric has a fall-off like r^, so other L"' are 
asymptotic isometrics of non-relativistic AdS^ . One copy of Virasoro algebra 
is asymptotic symmetry of non-relativistic AdS^ metric with a boundary 
condition. Following [7], we calculate two-point function from gravity dual. 
Equation of motion for massive scalar field on the AdS^ background (|32p is 
given by 

^ dMiVCG^'^^dNcpit, r, x)) - m^(l){t, r,x) = (42) 



In non-relativistic limit (1351) we have 



^=da{VGg''^db^) - rn^ct) = dlcj) = Q (43) 
G 
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The first equation can be obtained from tlie following action 

I = j dtdrVG]^{g"'^da(t)di,(l) + m^4>'^) (44) 

General solution of the equation of motion of the above action is 

^{t, r) = re-''^\AIa{ujr) + BK^{vor)) (45) 

where a = \/rr? + 1. From AdS^/CFT2 correspondence, we can find the 
bulk solution as 

d^it^r) = c6^-^ I ^tV^(0( ^2 + |i"_^.|2 )^ (46) 

where (ps is a Dirichlet boundary value at r = 5 and A = a + ^. The above 
equation can be used to read two-point function of GCA2 

<0(ti)</)(t2) >~ (ti-t2)-'^ (47) 
which is agree with results ()2ip and (I24p . 

5 Conclusion 

Galilean conformal algebra (GCA) arises as a contraction of conformal al- 
gebra. We can use 2d GCA to constrain correlation functions. Correlation 
functions of Galilean conformal invariant fields in 2d for space-time without 
boundary condition were found in [19j. We calculated two-point and three- 
point functions in semi-infinite space with a boundary condition at surface 
z = z (x = 0), by using some methods in quantum field theory ()2ip and 
from gravity dual (|17|) . Our results ([2T]) and ()17|) are agree with two-point 
function of BCFT in non-relativistic limit ()24|) . We also, introduce holo- 
graphic dual of BCFT in non-relativistic limit (BGCA). AdS^ with bound- 
ary condition and in non-relativistic limit has asymptotic isometrics which 
are generated by one copy of non-relativistic version of Virasoro algebra . 
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